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Revised formulas for the inclusive cross section of a triple parton scattering process in a hadron
collision are suggested basing on the modified collinear three-parton distributions. The possible
phenomenological issues are discussed.
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I. INTRODUCTION
The fast increase of the parton flux at small parton
longitudinal momentum fractions and the requirement of
unitarization of the cross sections in perturbative QCD
lead naturally to a large number of multiple parton in-
teractions (MPI) occurring in each single hadron-hadron
collision at high energies. The great splash of investi-
gation activity around MPI in last years [1–4] has been
stimulated by the experimental evidence for double par-
ton scattering (DPS) in the processes producing two in-
dependently identified hard particles in the same colli-
sion. Such processes have been observed in proton-proton
and proton-antiproton collisions by AFS [5], UA2 [6],
CDF [7, 8], D0 [9–11], ATLAS [12], and CMS [13] Collab-
orations for the final states containing four jets, γ+3 jets,
and W + 2 jets. The data on single J/ψ production as
a function of the event multiplicity [14], and double J/ψ
production [15] can also be successfully interpreted in the
context of MPI and DPS [16–19] models, respectively.
The possibility of observing three separate hard col-
lisions is also discussed in the current literature [20–
23]. Nevertheless, the phenomenology of MPI relies on
the models that are physically intuitive but involve sig-
nificant simplifying assumptions. Therefore, it is ex-
tremely important to combine theoretical efforts in or-
der to achieve a better description of MPI, in particular,
triple parton scattering (TPS), which can be an observ-
able multiple scattering mode at the LHC. In this let-
ter we consider some steps towards this purpose. The
factorized cross section formulas currently used to cal-
culate TPS processes are revised in terms of the mod-
ified collinear three-parton distributions. This revision
is a natural generalization of our approach developed in
Refs. [24, 25] to take QCD evolution effects into account.
The paper is organized as follows. In Sec. II we re-
view briefly the traditional TPS factorization formalism
in order to be clear and to introduce the notations. The
QCD evolution of three-parton distributions is presented
in Sec. III. The formulas for the inclusive cross section
of TPS with QCD evolution effects are suggested in Sec.
IV. The possible phenomenological issues at the LHC are
discussed in Sec. V, together with conclusions.
II. TPS IN FACTORIZATION
APPROXIMATION
Similar to DPS with only the assumption of factoriza-
tion of the three hard parton subprocesses A, B and C,
the inclusive cross section of a TPS process in a hadron
collision may be written in the following form [20–22]
σ
(A,B,C)
TPS
=
∑
i,j,k,l,m,n
∫
Γijk(x1, x2, x3;b1,b2,b3;Q
2
1, Q
2
2, Q
2
3)
×σˆAil (x1, x
′
1, Q
2
1)σˆ
B
jm(x2, x
′
2, Q
2
2)σˆ
C
kn(x3, x
′
3, Q
2
3)
×Γlmn(x
′
1, x
′
2, x
′
3;b1 − b,b2 − b,b3 − b;Q
2
1, Q
2
2, Q
2
3)
×dx1dx2dx3dx
′
1dx
′
2dx
′
3d
2b1d
2b2d
2b3d
2b. (1)
Here Γijk(x1, x2, x3;b1,b2,b3;Q
2
1, Q
2
2, Q
2
3) are the triple
parton distribution functions, which depend on the lon-
gitudinal momentum fractions x1, x2 and x3 and on the
transverse position b1, b2 and b3 of the three partons i,
j and k undergoing the hard subprocesses A, B and C
at the scales Q1, Q2 and Q3. σˆ
A
il , σˆ
B
jm and σˆ
C
kn are the
parton-level subprocess cross sections. b is the impact
parameter — the distance between centres of colliding
(e.g., the beam and the target) hadrons in transverse
plane. The appropriate combinatorial factor should be
taken into account in the case of the indistinguishable
final states.
The triple parton distribution functions
Γijk(x1, x2, x3;b1,b2,b3;Q
2
1, Q
2
2, Q
2
3) are the main
object of interest as concerns TPS. In fact these distri-
butions contain all the information when probing the
hadron in three different points simultaneously through
the hard subprocesses A, B and C.
As in the case of DPS it is typically taken that the
triple parton distribution functions may be decomposed
in terms of the longitudinal and transverse components
as follows:
Γijk(x1, x2, x3;b1,b2,b3;Q
2
1, Q
2
2, Q
2
3)
= Dijkh (x1, x2, x3;Q
2
1, Q
2
2, Q
2
3)f(b1)f(b2)f(b3),(2)
where f(b1) is supposed to be an universal function for
all kind of partons with its normalization fixed as∫
f(b1)f(b1 − b)d
2b1d
2b =
∫
T (b)d2b = 1, (3)
2and T (b) =
∫
f(b1)f(b1 − b)d
2b1 is the overlap func-
tion.
If one makes the further assumption that the longitu-
dinal components Dijkh (x1, x2, x3;Q
2
1, Q
2
2, Q
2
3) reduce to
the product of three independent single parton distribu-
tions,
Dijkh (x1, x2, x3;Q
2
1, Q
2
2, Q
2
3)
= Dih(x1;Q
2
1)D
j
h(x2;Q
2
2)D
k
h(x3;Q
2
3), (4)
the cross section of TPS can be expressed in the simple
form
σ
(A,B,C)
TPS =
σASPSσ
B
SPSσ
C
SPS
σ2
TPS,fact
, (5)
σ2TPS,fact = [
∫
d2b(T (b))3]−1. (6)
Here σTPS,fact is the scale factor which can be related
with σeff = [
∫
d2b(T (b))2]−1 already measured (defined)
in a DPS experiment over the dimensionless quantity (of
order unity).
In this representation and at the factorization of lon-
gitudinal and transverse components, the inclusive cross
section of single hard scattering reads
σASPS =
∑
i,l
∫
Dih(x1;Q
2
1)f(b1)σˆ
A
il (x1, x
′
1, Q
2
1) (7)
×Dlh′(x
′
1;Q
2
1)f(b1 − b)dx1dx
′
1d
2b1d
2b
=
∑
i,k
∫
Dih(x1;Q
2
1)σˆ
A
il (x1, x
′
1, Q
2
1)D
l
h′(x
′
1;Q
2
1)dx1dx
′
1.
These simplifying assumptions, though rather custom-
ary in the literature and quite convenient from a compu-
tational point of view, are not sufficiently justified espe-
cially as concerning of QCD evolution.
III. QCD EVOLUTION OF THREE-PARTON
DISTRIBUTIONS
Instead of the mixed (momentum and coordinate) rep-
resentation for our further goal the momentum repre-
sentation is also useful for the starting cross section for-
mula (1) [26]:
σ
(A,B,C)
TPS
=
∑
i,j,k,l,m,n
∫
Γijk(x1, x2, x3;q1,q2,q3;Q
2
1, Q
2
2, Q
2
3)
×(2pi)2δ(q1 + q2 + q3)σˆ
A
il (x1, x
′
1, Q
2
1)
×σˆBjm(x2, x
′
2, Q
2
2)σˆ
C
kn(x3, x
′
3, Q
2
3)
×Γlmn(x
′
1, x
′
2, x
′
3;−q1,−q2,−q3;Q
2
1, Q
2
2, Q
2
3)
×dx1dx2dx3dx
′
1dx
′
2dx
′
3
d2q1
(2pi)2
d2q2
(2pi)2
d2q3
(2pi)2
. (8)
Note that here Γijk(x1, x2, x3;q1,q2,q3;Q
2
1, Q
2
2, Q
2
3)
play the role of the generalized parton distributions and
have no probabilistic interpretation unlike the impact pa-
rameter space representation. They depend on the trans-
verse vectors q1, q2 and q3 which are equal to the dif-
ference of the transverse momenta of partons from the
wave function of the colliding hadrons in the amplitude
and the amplitude conjugated. Such a dependence arises
because only the sum of parton transverse momenta in all
three parton pairs is conserved. The transverse momenta
q1, q2 and q3 are the Fourier conjugated variables of the
parton pair impact parameters b1, b2 and b3.
The three-parton distribution functions are available
in the current literature [27, 28] only for
q1 = q2 = q3 = 0
in the collinear approximation. In this approximation
Γijk(x1, x2, x3;q1 = q2 = q3 = 0;Q
2, Q2, Q2)
= Dijkh (x1, x2, x3;Q
2, Q2, Q2)
with the three hard scales set equal satisfy the gen-
eralized Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(DGLAP) evolution equations, derived initially in
Refs. [27, 28]. Likewise, the single distributions satisfy
more widely known and often cited DGLAP equa-
tions [29–32]. The functions in question have already a
specific interpretation in the leading logarithm approx-
imation of perturbative QCD: they are the inclusive
probabilities that in a hadron h one finds three bare
partons of types i, j and k with the given longitudinal
momentum fractions x1, x2 and x3.
As the evolution variable one may take the value
of hard scale (most frequently, the transfer momentum
squared Q2), or its logarithm ξ = ln(Q2/Q20), or the di-
mensionless variable
t =
1
2piβ
ln
[
1 +
g2(Q20)
4pi
β ln
(
Q2
Q20
)]
=
1
2piβ
ln
[
ln( Q
2
Λ2
QCD
)
ln(
Q20
Λ2
QCD
)
]
, (9)
which takes into account explicitly the behavior of the
effective coupling constant in the leading logarithm ap-
proximation. Here β = (33 − 2nf )/12pi in QCD, g(Q
2
0)
is the running coupling constant at some characteristic
scale Q20 above which the perturbative theory is applica-
ble, nf is the number of active flavors and ΛQCD is the
QCD dimensional parameter.
The DGLAP evolution equations [29–32] assume the
simplest form if we use the natural dimensionless evolu-
tion variable t; that is,
dDjh(x, t)
dt
=
∑
j′
1∫
x
dx′
x′
Dj
′
h (x
′, t)Pj′→j
(
x
x′
)
. (10)
3These equations describe the evolution of single distri-
butions Djh(x, t) of bare quarks, antiquarks and gluons
(j = q, q¯, g) within a hadron h in response to the change
of evolution variable t. The kernels, P , of these equations
include a regularization at x→ x′ and are known in the
explicit form.
For the triple parton distribution functions Dijkh (x1, x2, x3;Q
2, Q2, Q2) one has [27, 33]
dDj1j2j3h (x1, x2, x3, t)
dt
=
∑
j1′
1−x2−x3∫
x1
dx1
′
x1′
Dj1
′j2j3
h (x1
′, x2, x3, t)Pj1′→j1
(
x1
x1′
)
+
∑
j2′
1−x1−x3∫
x2
dx2
′
x2′
Dj1j2
′j3
h (x1, x2
′, x3, t)Pj2′→j2
(
x2
x2′
)
+
∑
j3′
1−x1−x2∫
x3
dx3
′
x3′
Dj1j2j3
′
h (x1, x2, x3
′, t)Pj3 ′→j3
(
x2
x2′
)
+
∑
j′
Dj
′j3
h (x1 + x2, x3, t)
1
x1 + x2
Pj′→j1j2
(
x1
x1 + x2
)
+
∑
j′
Dj
′j2
h (x1 + x3, x2, t)
1
x1 + x3
Pj′→j1j3
(
x1
x1 + x3
)
+
∑
j′
Dj1j
′
h (x1, x2 + x3, t)
1
x2 + x3
Pj′→j2j3
(
x2
x2 + x3
)
. (11)
Here, the splitting kernels
1
x1 + x2
Pj′→j1j2(
x1
x1 + x2
), (12)
which appear in the nonhomogeneous part of the equations, do not include the δ-function virtual term. The equations
describe the evolution of the triple parton distribution functions of bare quarks, antiquarks and gluons in hadrons as
a function of the variable t. The double parton distribution functions Dj
′j3
h (x1+x2, x3, t) incoming in Eq. (11) satisfy
also the corresponding generalized evolution equations and their solutions are known with the given initial conditions
at the reference scale Q20(t = 0). Moreover these solutions may be written [24] also in the case of two different hard
scales Q21 and Q
2
2 at nonzero transverse momenta q that allows us to extend our consideration of the TPS to the case
of three different hard scales Q21, Q
2
2 and Q
2
3 in further.
The solutions of the generalized DGLAP evolution equations (11) with the given initial conditions may be written,
as in the case of DPS, in the form of a convolution of single distributions [33]:
Dj1j2j3h (x1, x2, x3, t) = D
j1j2j3
h1 (x1, x2, x3, t) +D
j1j2j3
h(QCD)(x1, x2, x2, t), (13)
where
Dj1j2j3h1 (x1, x2, x3, t) =
∑
j1′j2′j3′
1∫
x1
dz1
z1
1∫
x2
dz2
z2
1∫
x3
dz3
z3
θ(1 − z1 − z2 − z3)D
j1
′j2
′j3
′
h (z1, z2, z3, 0)
×Dj1j1′(
x1
z1
, t)Dj2j2′(
x2
z2
, t)Dj3j3′(
x3
z3
, t), (14)
4and
Dj1j2j3
h(QCD)(x1, x2, x3, t) =
∑
j′j1′j2′j3′
t∫
0
dt′
1∫
x1
dz1
z1
1∫
x2
dz2
z2
1∫
x3
dz3
z3
θ(1− z1 − z2 − z3)D
j′j3
′
h (z1 + z2, z3, t
′)
1
z1 + z2
×Pj′→j1′j2′
(
z1
z1 + z2
)
Dj1j1′(
x1
z1
, t− t′)Dj2j2′(
x2
z2
, t− t′)Dj3j3′(
x3
z3
, t− t′)
+
∑
j′j1′j2′j3′
t∫
0
dt′
1∫
x1
dz1
z1
1∫
x2
dz2
z2
1∫
x3
dz3
z3
θ(1 − z1 − z2 − z3)D
j′j2
′
h (z1 + z3, z2, t
′)
1
z1 + z3
×Pj′→j1′j3′
(
z1
z1 + z3
)
Dj1j1′(
x1
z1
, t− t′)Dj2j2′(
x2
z2
, t− t′)Dj3j3′(
x3
z3
, t− t′)
+
∑
j′j1′j2′j3′
t∫
0
dt′
1∫
x1
dz1
z1
1∫
x2
dz2
z2
1∫
x3
dz3
z3
θ(1 − z1 − z2 − z3)D
j1
′j′
h (z1, z2 + z3, t
′)
1
z2 + z3
×Pj′→j2′j3′
(
z2
z2 + z3
)
Dj1j1′(
x1
z1
, t− t′)Dj2j2′(
x2
z2
, t− t′)Dj3j3′(
x3
z3
, t− t′) (15)
are the dynamically correlated distributions originating from the perturbative QCD.
Besides Djj′(
x
z
, t) are the Green’s functions, that is,
the solutions of the DGLAP evolution equations (10)
at the parton level with the singular initial conditions
Djj′(
x
z
, 0) = δj′jδ(
x
z
− 1).
The first term of the generalized solution is the
solution of the homogeneous evolution equation (in-
dependent evolution of three branches), where the
input three-parton distributions are generally not
known at the low scale limit Q20 (t = 0).
For these nonperturbative three-parton functions at
low z1, z2, z3 one may assume the factorization
Dj1
′j2
′j3
′
h (z1, z2, z3, 0) ≃ D
j1
′
h (z1, 0)D
j2
′
h (z2, 0)D
j3
′
h (z3, 0)
neglecting the constraints imposed by the momentum
conservation (z1 + z2 + z3 < 1). This leads to
Dj1j2j3h1 (x1, x2, x3, t) ≃ D
j1
h (x1, t)D
j2
h (x2, t)D
j3
h (x3, t)(16)
and justifies partly the factorization hypothesis for TPS
(Sec. II) usually applied in practical calculations
It is worth noting that as in the case of DPS the triple
parton distribution functions obey nontrivial sum rules
which are conserved by the evolution equations. Again
the phenomenological problem of specifying the initial
correlation conditions Dj1
′j2
′j3
′
h (z1, z2, z3, 0) for the evo-
lution equations, which would obey exactly these sum
rules and have the correct asymptotic behavior near the
kinematical boundaries, is not so trivial and demands
special efforts.
Unfortunately, the triple parton distribution functions
considered above are not really the ones that are directly
probed in the TPS. However, as it will be shown in the
next Sec. IV in the case of independent 3 ladders and/or
splitting on one side only, the values of qi (i = 1, 2, 3) are
limited by the proton form factors. Therefore it is reason-
able to consider first in this Sec. III the case of a small
qi (i.e. qi = 0). Besides, the knowledge of the struc-
ture of triple parton distribution functions in the simple
case of qi = 0 helps us to understand and to write the
evolution correction to the TPS with all momentum inte-
grations done correctly (especially its longitudinal phase
space structure).
IV. TPS WITH QCD EVOLUTION EFFECTS
Bearing in mind the results of previous Sec. III
(qi = 0) and our experience [24, 25] in the treatment
of DPS with QCD evolution effects we are ready to write
the inclusive cross section of TPS beyond the the sim-
ple form (5). The evolution equation for Γj1j2j3 con-
tains two parts. The first part describes independent
(simultaneous) evolution of three branches of parton cas-
cade: one branch contains the parton x1, second branch
— the parton x2 and third branch — the parton x3. The
second part accounts for the possibility to split the one
parton evolution (one branch j′) into the two different
branches, j1 and j2. It contains the usual splitting func-
tion Pj′→j1j2(z).
As a rule the MPI take place at relatively low trans-
verse momenta and low longitudinal momentum fractions
x1, x2 and x3, where the factorization hypothesis (16) for
the first term is a good approximation. In this case the
cross section for TPS can be estimated, using the two-
gluon form factor of the nucleon F2g(q) [26] for the dom-
inant gluon-gluon scattering mode (or something similar
5for other parton scattering modes),
σ
(A,B,C)
TPS,fact.00
=
∑
i,j,k,l,m,n
∫
Dih(x1, Q
2
0, Q
2
1)D
j
h(x2, Q
2
0, Q
2
2)
×Dkh(x3, Q
2
0, Q
2
3)(2pi)
2δ(q1 + q2 + q3)σˆ
A
il (x1, x
′
1, Q
2
1)
×σˆBjm(x2, x
′
2, Q
2
2)σˆ
C
kn(x3, x
′
3, Q
2
3)
×Dl
h
′ (x
′
1, Q
2
0, Q
2
1)D
m
h
′ (x
′
2, Q
2
0, Q
2
2)D
n
h
′ (x
′
3, Q
2
0, Q
2
3)
×F2g(q1)F2g(q2)F2g(q3)F2g(−q1)F2g(−q2)F2g(−q3)
×dx1dx2dx3dx
′
1dx
′
2dx
′
3
d2q1
(2pi)2
d2q2
(2pi)2
d2q3
(2pi)2
. (17)
Here we introduce explicitly the scale Q20 as a lower argu-
ment in the single parton distribution functions to stress
the scale on which the initial conditions are specified.
There is implicitly such a dependence on this DGLAP
starting scale Q20 in the single (double, triple) parton dis-
tribution functions considered in Sec. III over the evolu-
tion variable t (Eq. (9)). Such notations with the lower
and the upper scale arguments are preferable in further
since the integration over both the lower and the upper
scale arguments is possible for the Green’s functions (the
single parton distributions at the parton level).
Making the Fourier transformation
f(bi) =
∫
e−ibi·qiF2g(qi)
d2qi
(2pi)2
, i = 1, 2, 3, (18)
one derives immediately the factorization result (5).
The additional contributions to this factorization cross
section (17) for TPS are generated by the solutions (15)
of complete evolution equations (11)( by their nonhomo-
geneous part). This nonhomogeneous part includes the
double parton distribution functions, which may be writ-
ten in the case of two different hard scales in the form [24]:
Dj1j2h (x1, x2;Q
2
0, Q
2
1, Q
2
2) (19)
= Dj1j2h1 (x1, x2;Q
2
0, Q
2
1, Q
2
2) +D
j1j2
h2 (x1, x2;Q
2
0, Q
2
1, Q
2
2)
with
Dj1j2h1 (x1, x2;Q
2
0, Q
2
1, Q
2
2)
=
∑
j1′j2′
1−x2∫
x1
dz1
z1
1−z1∫
x2
dz2
z2
Dj1
′j2
′
h (z1, z2;Q
2
0)
×Dj1j1′(
x1
z1
;Q20, Q
2
1)D
j2
j2′
(
x2
z2
, Q20, Q
2
2)
and
Dj1j2h2 (x1, x2;Q
2
0, Q
2
1, Q
2
2)
=
∑
j′j1′j2′
min(Q21,Q
2
2)∫
Q20
dk2
αs(k
2)
2pik2
1−x2∫
x1
dz1
z1
1−z1∫
x2
dz2
z2
×Dj
′
h (z1 + z2;Q
2
0, k
2)
1
z1 + z2
Pj′→j1′j2′
(
z1
z1 + z2
)
×Dj1j1′(
x1
z1
; k2, Q21)D
j2
j2′
(
x2
z2
; k2, Q22),
where αs(k
2) is the QCD coupling. D
j′1,j
′
2
h (z1, z2, Q
2
0) are
the initial (input) two-parton distributions at the rela-
tively low scale Q20. The single parton distributions (be-
fore splitting into the two branches at some scale k2) are
given by Dj
′
h (z1 + z2, Q
2
0, k
2).
Note, that in Eqs. (17) and (19) we assume that the
corresponding momenta qi
2 < Q20 are small and due
to strong ordering of parton transverse momenta in the
collinear DGLAP evolution they may be neglected. That
is actually we deal with the usual (diagonal) non-skewed
DGLAP evolution. The first term is the solution of cor-
responding homogeneous evolution equation (indepen-
dent evolution of two branches), where the input two-
parton distributions are generally not known at the low
scale Q20. For these nonperturbative two-parton func-
tions at low z1, z2 one may again assume the factor-
ization Dj1
′j2
′
h (z1, z2, Q
2
0) ≃ D
j1
′
h (z1, Q
2
0)D
j2
′
h (z2, Q
2
0) ne-
glecting the constraints due to momentum conservation
(z1 + z2 < 1). This leads to
Dj1j2h1 (x1, x2;Q
2
0, Q
2
1, Q
2
2)
≃ Dj1h (x1;Q
2
0, Q
2
1)D
j2
h (x2;Q
2
0, Q
2
2). (20)
As a result of this diagonal (non-skewed) DGLAP evo-
lution of two partons at the DGLAP starting scale Q20,
the single splitting corrections to the inclusive cross sec-
tion of TPS read
6σ
(A,B,C)
TPS,10+01
=
∑
i,j,k,l,m,n
∫ ∑
j′j1′j2′
min(Q21,Q
2
2)∫
Q20
αs(k
2)
2pik2
dk2
1∫
x1
dz1
z1
1∫
x2
dz2
z2
θ(1− z1 − z2)D
j′
h (z1 + z2, Q
2
0, k
2)
1
z1 + z2
Pj′→j1′j2′
(
z1
z1 + z2
)
×Dij1′(
x1
z1
, k2, Q21)D
j
j2′
(
x2
z2
, k2, Q22)D
k
h(x3, Q
2
0, Q
2
3)σˆ
A
il (x1, x
′
1, Q
2
1)σˆ
B
jm(x2, x
′
2, Q
2
2)σˆ
C
kn(x3, x
′
3, Q
2
3)
×Dl
h
′ (x
′
1, Q
2
0, Q
2
1)D
m
h
′ (x
′
2, Q
2
0, Q
2
2)D
n
h
′ (x
′
3, Q
2
0, Q
2
3)(2pi)
2δ(q1 + q2 + q3)
×F2g(q1 + q2)F2g(q3)F2g(−q1)F2g(−q2)F2g(−q3)dx1dx2dx3dx
′
1dx
′
2dx
′
3
d2q1
(2pi)2
d2q2
(2pi)2
d2q3
(2pi)2
+
∑
i,j,k,l,m,n
∫ ∑
j′j1′j2′
min(Q21,Q
2
3)∫
Q20
αs(k
2)
2pik2
dk2
1∫
x1
dz1
z1
1∫
x3
dz3
z3
θ(1 − z1 − z3)D
j′
h (z1 + z3, Q
2
0, k
2)
1
z1 + z3
Pj′→j1′j2′
(
z1
z1 + z3
)
×Dij1′(
x1
z1
, k2, Q21)D
k
j2′
(
x3
z3
, k2, Q23)D
j
h(x2, Q
2
0, Q
2
2)σˆ
A
il (x1, x
′
1, Q
2
1)σˆ
B
jm(x2, x
′
2, Q
2
2)σˆ
C
kn(x3, x
′
3, Q
2
3)
×Dl
h
′ (x
′
1, Q
2
0, Q
2
1)D
m
h
′ (x
′
2, Q
2
0, Q
2
2)D
n
h
′ (x
′
3, Q
2
0, Q
2
3)(2pi)
2δ(q1 + q2 + q3)
×F2g(q1 + q3)F2g(q2)F2g(−q1)F2g(−q2)F2g(−q3)dx1dx2dx3dx
′
1dx
′
2dx
′
3
d2q1
(2pi)2
d2q2
(2pi)2
d2q3
(2pi)2
+
∑
i,j,k,l,m,n
∫ ∑
j′j1′j2′
min(Q22,Q
2
3)∫
Q20
αs(k
2)
2pik2
dk2
1∫
x2
dz2
z2
1∫
x3
dz3
z3
θ(1 − z2 − z3)D
j′
h (z2 + z3, Q
2
0, k
2)
1
z2 + z3
Pj′→j1′j2′
(
z2
z2 + z3
)
×Djj1′(
x2
z2
, k2, Q22)D
k
j2′
(
x3
z3
, k2, Q23)D
i
h(x1, Q
2
0, Q
2
1)σˆ
A
il (x1, x
′
1, Q
2
1)σˆ
B
jm(x2, x
′
2, Q
2
2)σˆ
C
kn(x3, x
′
3, Q
2
3)
×Dl
h
′ (x
′
1, Q
2
0, Q
2
1)D
m
h
′ (x
′
2, Q
2
0, Q
2
2)D
n
h
′ (x
′
3, Q
2
0, Q
2
3)(2pi)
2δ(q1 + q2 + q3)
×F2g(q1)F2g(q2 + q3)F2g(−q1)F2g(−q2)F2g(−q3)dx1dx2dx3dx
′
1dx
′
2dx
′
3
d2q1
(2pi)2
d2q2
(2pi)2
d2q3
(2pi)2
+ ..., (21)
where “+...” denotes another three analogous contributions, when the splitting takes place for partons (with x
′
1, x
′
2, x
′
3)
from other colliding hadron h
′
. We do not write them explicitly because of their transparency and to avoid the
unnecessary overloading. The integrations over k2 were estimated at the reference scale Q20 (instead of corresponding
qi
2) as the lower limit [24, 25] due to the strong suppression factors F2g(qi).
The second term in Eq. (19) with one parton at the DGLAP starting scale Q20 generates the corrections with two
splittings from one hadron
7σ
(A,B,C)
TPS,20+02
=
∑
i,j,k,l,m,n
∫ ∑
j′j1′j2′
min(Q21,Q
2
2,Q
2
3)∫
Q20
αs(k
2
2)
2pik22
dk22
1∫
x1
dz1
z1
1∫
x2
dz2
z2
θ(1− z1 − z2)
∑
i
′
i1i3
k22∫
Q20
αs(k
2
1)
2pik21
dk21
×
1∫
z1+z2
du
u
1∫
x3
du3
u3
θ(1 − u− u3)D
i′
h (u+ u3, Q
2
0, k
2
1)
1
u+ u3
Pi′→i1i3
(
u
u+ u3
)
Dj
′
i1
(
z1 + z2
u
, k21 , k
2
2)
×
1
z1 + z2
Pj′→j1′j2′
(
z1
z1 + z2
)
Dij1′(
x1
z1
, k22 , Q
2
1)D
j
j2′
(
x2
z2
, k22 , Q
2
2)D
k
i3
(
x3
u3
, k21 , Q
2
3)
×σˆAil (x1, x
′
1, Q
2
1)σˆ
B
jm(x2, x
′
2, Q
2
2)σˆ
C
kn(x3, x
′
3, Q
2
3)
×Dl
h
′ (x
′
1, Q
2
0, Q
2
1)D
m
h
′ (x
′
2, Q
2
0, Q
2
2)D
n
h
′ (x
′
3, Q
2
0, Q
2
3)(2pi)
2δ(q1 + q2 + q3)
×F2g(−q1)F2g(−q2)F2g(−q3)dx1dx2dx3dx
′
1dx
′
2dx
′
3
d2q1
(2pi)2
d2q2
(2pi)2
d2q3
(2pi)2
+ ..., (22)
where “+...” denotes again another two contributions
with splittings from a hadron h and three contributions
with splittings from a hadron h
′
which can be written by
analogy.
One needs to say some words concerning the expan-
sion in the number of splittings. When the transverse
qi integral is limited by the form factors, the integral∫
αs(k
2)dk2/k2 has indeed the leading logarithm form.
However, due to a large anomalous dimension at small
x the main contribution comes from a low k2 edge; that
is k2 is more close to Q20 or to the corresponding q
2
i (re-
call that in order to keep the leading logarithms in the
DGLAP evolution we need k2 > q2i ). By this reason such
a contribution may be relatively small. There is also non-
perturbative suppression related with the normalization
of single distribution functions on the average number of
partons since every new additional splitting decreases the
number of partons at the the DGLAP starting scale Q20.
In addition, there are the corrections with the per-
turbative QCD splittings from both hadrons (sides).
These so-called double splitting contributions can have
no strong suppression form factors F2g(qi) and the in-
tegration over qi may be regularized in accordance with
our prescription [24, 25] worked out for DPS.
It makes sense to mention here the discussion [25, 34–
39] concerning the double perturbative splitting graphs
in the DPS process. Formally, this contribution within
the collinear approach in the region of not too small x
should be considered as a result of the interaction of one
parton pair with the 2 → 4 hard subprocess [25, 34–38],
since the dominant contribution to the phase space in-
tegral comes from a large q2 ∼ min(Q21, Q
2
2). However,
due to a larger anomalous dimension generated by the
DGLAP evolution at low x, actually the major contribu-
tion comes from q2 << Q21, Q
2
2 and, as it was argued in
Refs. [24, 25], the contribution under discussion may be
validly included in the DPS cross section for appropri-
ately low longitudinal momentum fractions.
It is worth noticing also that in the case of TPS the
problem of double counting is even more complex in com-
parison with DPS. We do not concern ourselves with the
solution of this problem, and the development of a rig-
orous theory of TPS here, but are rather interested in
understanding the typical structure of scale factors in
the case of the two, three and four perturbative QCD
splittings.
For the perturbative QCD splittings from both sides
(one from a hadron h and one from a hadron h′) we have
the nine (3 × 3) contributions. Their transverse integra-
tions can be easy obtained if one replaces the factoriza-
tion part F2g(−q1)F2g(−q2)F2g(−q3) in the first three
terms in Eq. (21) with the three single splitting struc-
tures F2g(−q1 − q2)F2g(−q3), F2g(−q1 − q3)F2g(−q2)
and F2g(−q2−q3)F2g(−q1) consistently. As a result we
have the two quite distinctive structure of scale factors:
1
σ2TPS,11,diag
(23)
=
∫
(2pi)2δ(q1 + q2 + q3)F2g(q1 + q2)F2g(q3)
×F2g(−q1 − q2)F2g(−q3)
d2q1
(2pi)2
d2q2
(2pi)2
d2q3
(2pi)2
=
∫
F 22g(q3)F
2
2g(−q3)
d2q1
(2pi)2
d2q3
(2pi)2
8for the three diagonal contributions and
1
σ2TPS,11,nondiag
(24)
=
∫
(2pi)2δ(q1 + q2 + q3)F2g(q1 + q3)F2g(q2)
×F2g(−q1 − q2)F2g(−q3)
d2q1
(2pi)2
d2q2
(2pi)2
d2q3
(2pi)2
=
∫
F2g(q2)F2g(−q2)F2g(q3)F2g(−q3)
d2q2
(2pi)2
d2q3
(2pi)2
for the six nondiagonal contributions.
In the case of three diagonal contributions the one
transverse integration (q1 in Eq. (23)) has no strong sup-
pression factors and may be regularized in accordance
with our prescription [24, 25] worked out for DPS. When
we have the diagonal splittings in both sides (that is the
ladders form the loop) the integral over the correspond-
ing loop momentum qi is limited only by the condition
q2i < k
2. Neglecting the anomalous dimensions, the q2i in-
tegral kills the leading logarithms in k2 integrations (on
both sides) and finally k2 and q2i become of the order
of the lowest hard scale Q2 in this “loop” [25, 34–39].
In other words instead of the DPS (or TPS) we deal
with the single parton scattering (SPS) (or DPS) with
the 2 → 4 hard subprocess. However, as was shown in
Ref. [25], due to a large anomalous dimension at low x
relevant for LHC the essential value of k2 may be much
smaller than the Q2, leaving the space for the DGLAP
evolution between k2 and Q2. To avoid the double count-
ing we have to keep only the contribution with at least
one step of DGLAP evolution (one extra αs) between
the k2 splitting and Q2 hard 2 → 2 subprocess. All this
was written in Refs. [24, 25] for the DPS case. However,
we recall this discussion once more in order to make the
paper complete. Note, that our suggestion is also only
appropriate if one has only the most simple “double split-
ting” loop corrections to the SPS. More evolution steps
from the DPS are needed to be “removed” if one includes
higher orders in the SPS. A practical way to do it, i.e. to
“remove” the appropriate number of overlapping steps of
evolution is a subtraction scheme, where a implementa-
tion of this appropriate to the DPS/SPS double counting
issue has been recently introduced in Ref. [40].
The six nondiagonal contributions with the perturba-
tive QCD splittings from both sides (like to Eq. (24))
have strong nonperturbative suppression factors. Never-
theless, they can be also considered as the four-parton
interactions. Indeed, here one of the two partons from
each hadron h and h′ splits into two partons before hard
scattering at some scale k2. Then the three hard interac-
tions take place at the different points in the transverse
space, but with the small spatial separation δb2t ∼ 1/k
2.
For comparison in the previous case of diagonal contribu-
tions, the two hard interactions take place practically at
one point in the transverse space with small spatial sep-
aration δb2t ∼ 1/k
2, but the third hard interaction takes
place at another point with the larger spatial separation
δb2t ∼ 1/m
2
g (mg is the “effective gluon mass” [26] which
regulates the nonperturbative characteristic scale of the
form factors F2g(qi)).
For the three QCD splittings (two from a hadron h and
one from a hadron h′ and vice versa) we have the eigh-
teen (3 × 3× 2) contributions with the following typical
structure of scale factors:
1
σ2TPS,21
(25)
=
∫
(2pi)2δ(q1 + q2 + q3)
×F2g(−q1 − q2)F2g(−q3)
d2q1
(2pi)2
d2q2
(2pi)2
d2q3
(2pi)2
=
∫
F2g(q3)F2g(−q3)
d2q1
(2pi)2
d2q3
(2pi)2
.
Again one can try to regularize the one “divergent” trans-
verse integration (q1 in Eq. (25)) in accordance with our
prescription [24, 25] worked out for DPS. However, in ac-
cordance with the discussion [25, 34–39] mentioned above
the six (3 × 2) contributions can be also considered as
loop corrections to the DPS (to the DPS term with single
splitting or to three-parton interactions in the author’s
terminology of Ref. [41]). This is just the case where both
partons after second splitting from a hadron h interact
in hard processes with two partons after splitting from a
hadron h′ practically at one point in the transverse space
with the small spatial separation and the third parton af-
ter first splitting from a hadron h interacts in a hard pro-
cess with the third parton from a hadron h′ at another
point in the transverse space and vice versa (h → h′).
The other twelve contributions cannot be regarded in
such a way as a loop correction to the DPS. They, in fact,
overlap with the “twist 2 × twist 4” contributions to the
process, which lies one power higher than the TPS. There
is also the overlap with some kind of hybrid of “twist 4 ×
twist 2” and DPS where we have three partons meeting
at one point in the transverse space to produce two sets
of final state particles in one hard interaction, and two
partons meeting at another point in the transverse space
to produce the final set of final state particles (which lies
at the same power as the TPS). The analysis of DPS on
the twist language can be found in detail, for instance,
in Ref. [40]. Of course, the more careful consideration
of these contributions demands the special painstaking
investigation with not obvious phenomenological issues.
Finally, for the four perturbative QCD splittings both
independent transverse integrations have no strong sup-
pression factors at all. The number of four splitting con-
tributions is equal to 3× 3 = 9. They overlap with SPS,
with three of the contributions also having an overlap
with DPS. A full analysis of these graphs is beyond the
scope of the work.
Numerical estimates for the contribution of single per-
turbative splitting graphs to the DPS cross section were
recently done in Ref. [41] (the three-parton interactions
in the author’s terminology). It was pointed out that
9the relative contribution of the evolution effects is not
small and increases with increasing hard scales and may
resolve the long-standing puzzle: why the observed DPS
cross section is underestimated by a factor of two in the
independent parton approximation (with regard to the
“traditional” factorization component only)?
Note that the aim of the paper is not to present some
concrete numerical estimate but to propose a framework
for the TPS calculations/description accounting for the
possibility of the 1→ 2 splitting(s) during the evolution
between the initial scale Q20 and the hard scale Q
2. As it
was shown for the DPS in Ref. [25] such a splitting may
be not negligible at the LHC energies.
Thus, our Eq. (21) gives the first estimate for the con-
tribution of the evolution effects to TPS beyond the tra-
ditional factorization component and may be useful in
further precise investigations. The evolution corrections
with the two, three and four perturbative QCD splittings
may be taken into account, in principle, also.
V. DISCUSSION AND CONCLUSIONS
The scale factor in Eq. (21) in the coordinate repre-
sentation after the Fourier transformation reads
1
σ2TPS,10
(26)
=
∫
(2pi)2δ(q1 + q2 + q3)F2g(q1 + q2)F2g(q3)
×F2g(−q1)F2g(−q2)F2g(−q3)
d2q1
(2pi)2
d2q2
(2pi)2
d2q3
(2pi)2
=
∫
f2(b− b3 + b
′
3)f(b)f(b3)f(b
′
3)d
2bd2b3d
2b′3,
and is the same for all six single splitting contributions
provided that f(bi) (i = 1, 2, 3) is supposed to be an
universal function for all kind of partons. It should be
compared with the scale factor 1/σ2TPS,fact for the factor-
ization contribution.
In a simple model where the transverse parton density
f(bi) is taken to have Gaussian functional form
f(bi) = exp (−b
2
i /R
2)/piR2, i = 1, 2, 3,
F2g(qi) = exp (−q
2
iR
2/4), (27)
all scale factors are calculated analytically:
1
σ2TPS,10
=
1
7pi2R4
,
1
σ2TPS,fact.00
=
1
12pi2R4
=
4
3σ2eff
.(28)
Their ratio
σ2TPS,fact.00
σ2TPS,10
=
12
7
= 1.7 (29)
shows that the single splitting contributions to the cross
section are enhanced, relative to the factorization one, by
the factor
2× 3(combinatorial)× 1.7(scale) ∼ 10. (30)
TABLE I: The scale and combinatorial factors for different
contributions under consideration.
Scale factor ×pi2R4 Comb. factor
fact. (00) contr. 1/12 1
(10+01) contr. 1/7 6
(20+02) contr. 1/3 6
(11), nondiag. contr. 1/4 6
Let us remind that in the case of DPS the similar en-
hancement factor is equal to
2(combinatorial)× 2(scale) = 4 (31)
and is not strongly sensitive [34, 36, 42] to the functional
form of the transverse parton density.
So we conclude that the single splitting terms may pro-
vide a sizable contribution to the cross section of TPS
even if they constitute a small correction to the triple
factorized parton distribution functions.
Other nonperturbative scale factors incoming in
Eqs. (22) and (24) are easily calculated also in a sim-
ple model with the Gaussian transverse parton density.
They are displayed in Table I together with the appro-
priate combinatorial factors for easy comparison.
In summary, we suggest a practical method which
makes it possible to estimate the inclusive cross section
for TPS, taking into account the QCD evolution and
based on the well-known collinear distributions. Numeri-
cal estimations [25, 41–43] of these evolution effects, done
in the case of DPS in the single splitting approximation,
support strongly the significance of such calculations for
TPS also at the LHC energy, for instance, for the final
states containing 6 jets or 3 cc¯ pairs.
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